Abstract. We construct the moduli stack of properly balanced vector bundles on semistable curves and we determine explicitly its Picard group. As a consequence, we obtain an explicit description of the Picard groups of the universal moduli stack of vector bundles on smooth curves and of the Schmitt's compactification over the stack of stable curves. We prove some results about the gerbe structure of the universal moduli stack over its rigidification by the natural action of the multiplicative group. In particular, we give necessary and sufficient conditions for the existence of Poincaré bundles over the universal curve of an open substack of the rigidification, generalizing a result of Mestrano-Ramanan.
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Introduction. Introduction.
Let Vec (s)s r,d,g be the moduli stack of (semi)stable vector bundles of rank r and degree d on smooth curves of genus g. It turns out that the forgetful map Vec ss r,d,g → M g is universally closed, i.e. it satisfies the existence part of the valuative criterion of properness. Unfortunately, if we enlarge the moduli problem, adding slope-semistable (with respect to the canonical polarization) vector bundles on stable curves, the morphism to the moduli stack M g of stable curves is not universally closed anymore. There exists two natural ways to make it universally closed. The first one is adding slope-semistable torsion free sheaves and this was done by Pandharipande in [Pan96] . The disadvantage is that such stack, as Faltings has shown in [Fal96] , is not regular if the rank is greater than one. The second approach, which is better for our purposes, is to consider vector bundles on semistable curves: see [Gie84] , [Kau05] , [NS99] in the case of a fixed irreducible curve with one node, [Cap94] , [Mel09] in the rank one case over the entire moduli stack M g or [Sch04] , [TiB98] in the higher rank case over M g . The advantages are that such stacks are regular and the boundary has normal-crossing singularities. Unfortunately, for rank greater than one, we do not have an easy description of the objects at the boundary. We will overcome the problem by constructing a non quasi-compact smooth stack Vec r,d,g , parametrizing properly balanced vector bundles on semistable curves (see §1.1 for a precise definition). In some sense, this is the right stacky-generalization in higher rank of the Caporaso's compactification J d,g of the universal Jacobian scheme. Moreover it contains some interesting open substacks, like:
-The moduli stack Vec r,d,g of (not necessarily semistable) vector bundles over smooth curves.
-The moduli stack Vec P (s)s r,d,g of vector bundles such that their push-forwards in the stable model of the curve is a slope-(semi)stable torsion free sheaf.
-The moduli stack Vec H(s)s r,d,g of H-(semi)stable vector bundles constructed by Schmitt in [Sch04] .
-The moduli stack of Hilbert-semistable vector bundles (see [TiB98] ).
The main result of this paper is computing and giving explicit generators for the Picard groups of the moduli stacks Vec r,d,g and Vec r,d,g for rank greater than one, generalizing the results in rank one obtained by Melo-Viviani in [MV14] , based upon a result of Kouvidakis (see [Kou91] ). As a consequence, we will see that there exist natural isomorphisms of Picard groups between Vec The motivation for this work comes from the study of modular compactifications of the moduli stack Vec ss r,d,g and the coarse moduli space U r,d,g of semistable vector bundles on smooth curves from the point of view of the log-minimal model program (LMMP). One would like to mimic the so called Hassett-Keel program for the moduli space M g of stable curves, which aims at giving a modular interpretation to the every step of the LMMP fot M g . In other words, the goal is to construct compactifications of the universal moduli space of semistable vector bundles over each step of the minimal model program for M g . In the rank one case, the conjectural first two steps of the LMMP for the Caporaso's compactification J d,g have been described by Bini-Felici-Melo-Viviani in [BFMV14] . From the stacky point of view, the first step (resp. the second step) is constructed as the compactified Jacobian over the Schubert's moduli stack M ps g of pseudo-stable curves (resp. over the Hyeon-Morrison's moduli stack M wp g of weakly-pseudo-stable curves). In higher rank, the conjectural first step of the LMMP for the Pandharipande's compactification U r,d,g has been described by Grimes in [Gri] : using the torsion free approach, he constructs a compactification U ps r,d,g of the moduli space of slope-semistable vector bundles over M ps g . In order to construct birational compact models for the Pandharipande compactification of U r,d,g , it is useful to have an explicit description of its rational Picard group which naturally embeds into the rational Picard group of the moduli stack T F ss r,d,g of slope-semistable torsion free sheaves over stable curves. Indeed our first idea was to study directly the Picard group of T F ss r,d,g . For technical difficulties due to the fact that such stack is not smooth, we have preferred to study first Vec r,d,g , whose Picard group contains Pic(T F ss r,d,g ), and we plan to give a description of T F ss r,d,g in a subsequent paper. In Section 1, we introduce and study our main object: the universal moduli stack Vec r,d,g of properly balanced vector bundles of rank r and degree d on semistable curves of arithmetic genus g. We will show that it is an irreducible smooth Artin stack of dimension (r 2 + 3)(g − 1). The stacks of the above list are contained in Vec r,d,g in the following way where the diagonal maps are the inclusions induced by the rigidification morphisms, while the vertical and horizontal ones are the restriction morphisms, which are surjective because we are working with smooth stacks. We will prove that the Picard groups of diagram (0.0.3) are generated by the boundary line bundles and the tautological line bundles, which are defined in Section 2.
In the same section we also describe the irreducible components of the boundary divisor Vec r,d,g \Vec r,d,g .
Obviously the boundary is the pull-back via the morphism φ r,d : Vec r,d,g → M g of the boundary of M g . It is known that M g \M g = ⌊g/2⌋ i=0 δ i , where δ 0 is the irreducible divisor whose generic point is an irreducible curve with just one node and, for i = 0, δ i is the irreducible divisor whose generic point is the stable curve with two irreducible smooth components of genus i and g − i meeting in one point. In Proposition 2.6.2, we will prove that δ i := φ * r,d (δ i ) is irreducible if i = 0 and, otherwise, decomposes as j∈Ji δ j i , where J i is a set of integers depending on i and δ j i are irreducible divisors. Such δ j i will be called boundary divisors.
For special values of i and j, the corresponding boundary divisor will be called extremal boundary divisor. The boundary divisors which are not extremal will be called non-extremal boundary divisors (for a precise description see §2.6). By smoothness of Vec r,d,g , the divisors { δ j i } give us line bundles. We will call them boundary line bundles and we will denote them with {O( δ j i )}. We will say that O( δ . We will denote with the the same symbols used for Vec r,d,g the boundary divisors and the associated boundary line bundles on V r,d,g . In §2.7 we define the tautological line bundles. They are defined as determinant of cohomology and as Deligne pairing (see §2.2 for the definition and basic properties) of particular line bundles along the universal curve π : V ec r,d,g,1 → Vec r,d,g . More precisely they are Grothendieck-Riemann-Roch theorem to the morphism π : V ec r,d,g,1 → Vec r,d,g in order to compute the relations among the tautological line bundles in the rational Picard group. In particular, in Theorem 2.7.1 we prove that all tautological line bundles can be expressed in the (rational) Picard group of Vec r,d,g in terms of Λ(1, 0, 0), Λ(0, 1, 0), Λ(1, 1, 0), Λ(0, 0, 1) and the boundary line bundles.
Finally we can now state the main results of this paper. In Section 3, we prove that all Picard groups on diagram (0.0.3) are free and generated by the tautological line bundles and the boundary line bundles. More precisely, we have the following. If we remove the word "freely" from the assertions, the above theorems hold also in the genus two case. This will be shown in appendix A, together with an explicit description of the relations among the generators.
We sketch the strategy of the proofs of the Theorems A and B. First, in §3.1, we will prove that the boundary line bundles are linearly independent. Since the stack Vec r,d,g is smooth and it contains quasicompact open substacks which are "large enough" and admit a presentation as quotient stacks, we have a natural exact sequence of groups In Theorem 3.1.1, we show that such sequence is also left exact. The strategy that we will use is the same as the one of Arbarello-Cornalba for M g in [AC87] and the generalization for J ac d,g done by Melo-Viviani in [MV14] . More precisely, we will construct morphisms B → Vec r,d,g from irreducible smooth projective curves B and we show that the intersection matrix between these test curves and the boundary line bundles on Vec r,d,g is non-degenerate. Furthermore, since the homomorphism of Picard groups induced by the rigidification morphism ν r,d : Vec r,d,g → V r,d,g is injective and it sends the boundary line bundles of V r,d,g to the boundary line bundles of Vec r,d,g , we see that also the boundary line bundles in the rigidification V r,d,g are linearly independent (see Corollary 3.1.9). In other words we have an exact sequence:
We will show that the sequence (0.0.4, (resp. (0.0.5), remains exact if we replace the middle term with the Picard group of Vec ). This reduces the proof of Theorem A(ii) (resp. of Theorem B(ii)) to proving the Theorem A(i) (resp. to Theorem B(i)). While for the stacks Vec ) the sequence (0.0.4) (resp. (0.0.5)) is exact if we remove the extremal boundary line bundles. This reduces the proof of Theorem A(iii) (resp. of Theorem B(iii)) to proving the Theorem A(i) (resp. the Theorem B(i)).
The stack Vec r,d,g admits a natural map det to the universal Jacobian stack J ac d,g , which sends a vector bundle to its determinant line bundle. The morphism is smooth and the fiber over a polarized curve (C, L) is the irreducible moduli stack Vec =L,C of pairs (E, ϕ), where E is a vector bundle on C and ϕ is an isomorphism between det E and L (for more details see §2.5). Hoffmann in [Hof12] showed that the pull-back to Vec =L,C of the tautological line bundle Λ(0, 0, 1) on Vec r,d,g freely generates Pic (Vec =L,C ) (see Theorem 2.5.1). Moreover, as Melo-Viviani have shown in [MV14] , the tautological line bundles Λ(1, 0, 0), Λ(1, 1, 0), Λ(0, 1, 0) freely generate the Picard group of J ac d,g (see Theorem 2.4.1). Since the the Picard groups of Vec r,d,g , Vec ss r,d,g , Vec s r,d,g are isomorphic (see Lemma 3.1.5), Theorem A(i) (and so Theorem A) is equivalent to prove that we have an exact sequence of groups
where the first map is the pull-back via the determinant morphism and the second one is the restriction along a fixed geometric fiber. We will prove this in §3.2. If we were working with schemes, this would follow from the so-called seesaw principle: if we have a proper flat morphism of varieties with integral geometric fibers then a line bundle on the source is the pull-back of a line bundle on the target if and only if it is trivial along any geometric fiber. We generalize this principle to stacks admitting a proper good moduli space (see Appendix B) and we will use this fact to prove the exactness of (0.0.6). In §3.3, we use the Leray spectral sequence for the lisse-étale sheaf G m with respect to the rigidification morphism ν r,d : Vec r,d,g −→ V r,d,g , in order to conclude the proof of Theorem B. Moreover we will obtain, as a consequence, some interesting results about the properties of V r,d,g (see Proposition 3.3.4). In particular we will show that the rigidified universal curve The paper is organized in the following way. In Section 1, we define and study the moduli stack Vec r,d,g of properly balanced vector bundles on semistable curves. In §1.1, we give the definition of a properly balanced vector bundle on a semistable curve and we study the properties. In §1.2 we prove that the moduli stack Vec r,d,g is algebraic. In §1.3 we focus on the existence of good moduli spaces for an open substack of Vec r,d,g , following the Schmitt's construction. In §1.4 we list some properties of our stacks and we introduce the rigidified moduli stack V r,d,g . We will use the deformation theory of vector bundles on nodal curves for study the local structure of Vec r,d,g (see §1.5). In Section 2, we resume some basic facts about the Picard group of a stack. In §2.1 we explain the relations between the Picard group and the Chow group of divisors of stacks. We illustrate how to construct line bundles on moduli stacks using the determinant of cohomology and the Deligne pairing (see §2.2). Then we recall the computation of the Picard group of the stack M g , resp. J ac d,g , resp. Vec =L,C (see §2.3, resp. §2.4, resp. §2.5). In §2.6 we describe the boundary divisors of Vec r,d,g , while in §2.7 we define the tautological line bundles and we study the relations among them. Finally, in Section 3, as explained before, we prove Theorems A and B. The genus two case will be treated separately in the Appendix A. In Appendix B, we recall the definition of a good moduli space for a stack and we develop, following the strategy adopted by Brochard in [Bro12, Appendix], a base change cohomology theory for stacks admitting a proper good moduli space.
Acknowledgements:
The author would like to thank his advisor Filippo Viviani, for introducing the author to the problem, for his several suggests and comments without which this work would not have been possible.
Notations.
0.0.1. Let g ≥ 2, r ≥ 1, d be integers. We will denote with g the arithmetic genus of the curves, d the degree of the vector bundles and r their rank. Given two integers s, t we will denote with (s, t) the greatest common divisor of s and t. We will set
.
Given a rational number q, we denote with ⌊q⌋ the greatest integer such that ⌊q⌋ ≤ q and with ⌈q⌉ the lowest integer such that q ≤ ⌈q⌉.
0.0.2. We will work with the category Sch/k of (not necessarily noetherian) schemes over an algebraically closed field k of characteristic 0. When we say commutative, resp. cartesian, diagram of stacks we will intend in the 2-categorical sense. We will implicitly assume that all the sheaves are sheaves for the site lisse-étale, or equivalently for the site lisse-lisse champêtre (see [Bro, Appendix A.1] ). The choice of characteristic is due to the fact the explicit computation of the Picard group of M g is known to be true only in characteristic 0 (if g ≥ 3). Also the computation of J ac d,g in [MV14] is unknown in positive characteristic, because its computation is based upon a result of Kouvidakis in [Kou91] which is proved over the complex numbers. If these two results could be extended to arbitrary characteristics then also our results would automatically extend.
1. The universal moduli space Vec r,d,g .
Here we introduce the moduli stack of properly balanced vector bundles on semistable curves. Before giving the definition, we need to define and study the objects which are going to be parametrized. Definition 1.0.1. A stable (resp. semistable) curve C over k is a projective connected nodal curve over k such that any rational smooth component intersects the rest of the curve in at least 3 (resp. 2) points. A family of (semi)stable curves over a scheme S is a proper and flat morphism C → S whose geometric fibers are (semi)stable curves. A vector bundle on a family of curves C → S is a coherent S-flat sheaf on C which is a vector bundle on any geometric fiber.
To any family C → S of semistable curves, we can associate a new family C st → S of stable curves and an S-morphism π : C → C st , which, for any geometric fiber over S, is the stabilization morphism, i.e. it contracts the rational smooth subcurves intersecting the rest of the curve in exactly 2 points. We can construct this taking the S-morphism π : C → P(ω ⊗3 C/S ) associated to the relative dualizing sheaf of C → S and calling C st the image of C through π.
Definition 1.0.2. Let C be a semistable curve over k and Z be a non-trivial subcurve. We set Z c := C\Z and k Z := |Z ∩ Z c |. Let E be a vector bundle over C. If C 1 , . . . C n are the irreducible components of C, we call multidegree of E the n-tuple (deg E C1 , . . . , deg E Cn ) and total degree of E the integer d := deg E Ci .
With abuse of notation we will write ω Z := deg(ω C | Z ) = 2g Z − 2 + k Z , where ω C is the dualizing sheaf and g Z := 1 − χ(O Z ). If E is a vector bundle over a family of semistable curves C → S, we will set E(n) := E ⊗ ω n C/S . By the projection formula we have
where π is the stabilization morphism.
1.1. Properly balanced vector bundles. We recall some definitions and results from [Kau05] , [Sch04] and [NS99] .
Definition 1.1.1. A chain of rational curves (or rational chain) R is a connected projective nodal curve over k whose associated graph is a path and whose irreducible components are rational. The lenght of R is the number of irreducible components.
Let R 1 , . . . , R k be the irreducible components of a chain of rational curves R, labeled in the following way: R i ∩ R j = ∅ if and only if |i − j| ≤ 1. For 1 ≤ i ≤ k − 1 let x i := R i ∩ R i+1 be the nodal points and x 0 ∈ R 1 , x k ∈ R k closed points different from x 1 and x k−1 . Let E be a vector bundle on R of rank r. By [TiB91, Proposition 3.1], any vector bundle E over a chain of rational curves R decomposes in the following way
L j , where L j is a line bundle for any j = 1, . . . , r.
Using these notations we can give the following definitions. Definition 1.1.2. Let E be a vector bundle of rank r on a rational chain R of lenght k.
• E is positive if deg L j|Ri ≥ 0 for any j ∈ {1, . . . , r} and i ∈ {1, . . . , k},
• E is strictly positive if E is positive and for any i ∈ {1, . . . , k} there exists j ∈ {1, . . . , r} such that deg L j|Ri > 0, • E is stricly standard if E is strictly positive and deg L j|Ri ≤ 1 for any j ∈ {1, . . . , r} and i ∈ {1, . . . , k}. Definition 1.1.3. Let R be a chain of rational curves over k and R 1 , . . . , R k its irreducible components. A strictly standard vector bundle E of rank r over R is called admissible, if one of the following equivalent conditions (see [NS99, Lemma 2] or [Kau05, Lemma 3.3]) holds:
where L i is a line bundle of total degree 0 or 1 for i = 1, . . . , r. Definition 1.1.4. Let C be a semistable curve C over k. The subcurve of all the chains of rational curves will be called exceptional curve and will be denoted with C exc and we set C := C c exc . A connected subcurve R of C exc will be called maximal rational chain if there is no rational chain R ′ ⊂ C such that R R ′ .
Definition 1.1.5. Let C be a semistable curve and E be a vector bundle of rank r over C. E is (strictly) positive, resp. strictly standard, resp. admissible vector bundle if the restriction to any rational chain is (strictly) positive, resp. strictly standard, resp. admissible. Let C → S be a family of semistable curves with a vector bundle E of relative rank r. E is called (strictly) positive, resp. strictly standard, resp. admissible vector bundle if it is (strictly) positive, resp. strictly standard, resp. admissible for any geometric fiber.
Remark 1.1.6. Let (C, E) be a semistable curve with a vector bundle. We have the following sequence of implications: E is admissible ⇒ E is strictly standard ⇒ E is strictly positive ⇒ E is positive. Moreover if E is admissible of rank r then any rational chain must be of lenght ≤ r.
The role of positivity is summarized in the next two propositions.
Proposition 1.1.7. [Sch04, Prop 1.3.1(ii)] Let π : C ′ → C be a morphism between semistable curves which contracts only some chains of rational curves. Let E be a vector bundle on C ′ positive on the contracted chains. Then
Proposition 1.1.8. Let C → S be a family of semistable curves, S locally noetherian scheme and consider the stabilization morphism
Suppose that E is a positive vector bundle on C → S and for any point s ∈ S consider the induced morphism π s * : The next results gives us a useful criterion to check if a vector bundle is strictly positive or not. Proposition 1.1.9. [Sch04, Proposition 1.3.3]. Let C be a semistable curve containing the maximal chains
is surjective. Then E is generated by global sections and the induced morphism in the Grassmannian
is a closed embedding.
Using [Sch04, Remark 1.3.4], we deduce the following useful criterion Corollary 1.1.10. Let E be a vector bundle over a semistable curve C. E is strictly positive if and only if there exists n big enough such that the vector bundle E(n) is generated by global sections and the induced morphism in the Grassmannian C → Gr(H 0 (C, E(n)), r) is a closed embedding.
Remark 1.1.11. Let F be a torsion free sheaf over a nodal curve C. By [Ses82, Huitieme Partie, Proposition 3], the stalk of F over a nodal point x is of the form
C2,x , if x is a meeting point of two irreducible curves C 1 and C 2 .
, if x is a nodal point belonging to a unique irreducible component. If F has uniform rank r (i.e. it has rank r on any irreducible component of C), we can always write the stalk at x in the form O r−a C,x ⊕ m a C,x for some α. In this case we will say that F is of type a at x. Now we are going to describe the properties of an admissible vector bundle. The following proposition (and its proof) is a generalization of [NS99, Proposition 5]. Proposition 1.1.12. Let E be a vector bundle of rank r over a semistable curve C, and π : C → C st the stabilization morphism, then:
(i) E is admissible if and only if E is strictly positive and π * E is torsion free.
(ii) Let R be a maximal chain of rational curves and
Proof. Part (i). By hypothesis E is strictly positive. Let C be the subcurve of C complementary to the exceptional one. Consider the exact sequence:
We can identify I C E with I D E Cexc , where D := C exc ∩ C with its reduced scheme structure. Then we have:
Now π * (E C ) is a torsion-free sheaf and π * (I D E Cexc ) is a torsion sheaf, because its support is D. So π * E is torsion free if and only if π * (I D E Cexc ) = 0. Let R be a maximal rational chain which intersects the rest of the curve in p and q and x := π(R). By definition the stalk of the sheaf π
Applying this method for any rational chain we have that π * E is torsion free if and only if for any chain R if a global section s of E R vanishes on R ∩ R c then s ≡ 0. In particular, if E is admissible then π * E is torsion free and E is strictly positive. Conversely, suppose that π * E is torsion free and E is strictly positive. The definition of admissibility requires that the vector bundle must be strictly standard, so a priori it seems that the viceversa should not be true. However we can easily see that if E is strictly positive but not strictly standard then there exists a chain R such that H 0 (R, I p,q E R ) = 0. So π * E cannot be torsion free, giving a contradiction. In other words, if π * E is torsion free and E is strictly positive then E is strictly standard. By the above considerations the assertion follows. Part (ii). Let R be a maximal chain of rational curves. By hypothesis and part (i), π * E is torsion free and we have an exact sequence:
The sequence is right exact by Proposition 1.1.7. Using the notation of part (i), we have that the stalk of the sheaf
The assertion follows by the fact that π * (E C ) is a torsion free sheaf of type deg(E R ) = r at x. Suppose that deg(E R ) = r − s < r. Then we must have that
The proposition above has some consequence, which will be useful later. For example in §1.3, where we will prove that a particular subset of the set of admissible vector bundles over a semistable curve is bounded. The following results are generalizations of [NS99, Remark 4]. Corollary 1.1.13.
(i) Let C be a stable curve, π : N → C a partial normalization and F 1 , F 2 two vector bundles on N . Then
In particular
(ii) Let C be a semistable curve with an admissible vector bundle E, let R be a subcurve composed only by maximal chains. We set C := R c and D the reduced subscheme R ∩ C. Let π : C → C st be the stabilization morphsim and D st be the reduced scheme π(D). Then
(iii) We set C := C c exc . We have that π * E determines E C , i.e. consider two pairs (C, E), (C ′ , E ′ ) of semistable curves with admissible vector bundles such that
Observe that C exc and C ′ exc can be different. Proof. Part (i). Adapting the proof of [NS99, Remark 4(ii)] to our more general case, we obtain the assertion. Part (ii). Consider the following exact sequence
We can identify I R E with I D E C . Applying the left exact functor π * , we have
The sequence is right exact because E is positive. Moreover π * (E R ) is supported at D st and annihilated by I D st . By Proposition 1.1.12(ii), the morphism π * (E) −→ π * (E R ) induces an isomorphism of vector spaces at the restriction to D st . This means that
there exist an isomorphism of curves ψ : C st → C ′st and an isomorphism of sheaves φ :
. First we observe that C and C ′ are isomorphic and ψ induces an isomorphism ψ between them, such that
D , we have the assertion. Definition 1.1.14. Let E be a vector bundle of rank r and degree d on a semistable curve C. E is balanced if for any subcurve Z ⊂ C it satisfies the basic inequality:
E is properly balanced if is balanced and admissible. If C → S is a family of semistable curves and E is a vector bundle of relative rank r for this family, we will call it (properly) balanced if is (properly) balanced for any geometric fiber.
Remark 1.1.15. We have several equivalent definitions of balanced vector bundle. We list some which will be useful later: (i) E is balanced;
(ii) the basic inequality is satisfied for any subcurve Z ⊂ C such that Z and Z c are connected; (iii) for any subcurve Z ⊂ C such that Z and Z c are connected, we have the following inequality
(iv) for any subcurve Z ⊂ C such that Z and Z c are connected, we have the following inequality
where F is the subsheaf of E Z of sections vanishing on Z ∩ Z c ; (v) for any subcurve Z ⊂ C such that Z and Z c are connected, we have χ(G Z ) ≥ 0, where G is the vector bundle 
′′ is projective. So the projection on S ′′ of the connected components of 0≤k≤d 0≤i≤g
such that χ is negative is a closed subscheme. Its complement in S is open and, by Remark 1.1.15(v), it contains s and defines a family of properly balanced vector bundles over semistable curves.
1.2. The moduli stack of properly balanced vector bundles Vec r,d,g . Now we will introduce our main object of study: the universal moduli stack Vec r,d,g of properly balanced vector bundles of rank r and degree d on semistable curves of arithmetic genus g. Roughly speaking, we want a space such that its points are in bijection with the pairs (C, E) where C is a semistable curve on k and E is a properly balanced vector bundle on C. This subsection is devoted to the construction of such space as Artin stack. Definition 1.2.1. Let r ≥ 1, d and g ≥ 2 be integers. Let Vec r,d,g be the category fibered in groupoids over Sch/k whose objects over a scheme S are the families of semistable curves of genus g with a properly balanced vector bundle of relative total degree d and relative rank r. The arrows between the objects are the obvious cartesian diagrams.
The aim of this subsection is proving the following Theorem 1.2.2. Vec r,d,g is an irreducible smooth Artin stack of dimension (r 2 + 3)(g − 1). Furthermore, it admits an open cover {U n } n∈Z such that U n is a quotient stack of a smooth noetherian scheme by a suitable general linear group. Remark 1.2.3. In the case r = 1, Vec 1,d,g is quasi compact and it corresponds to the compactification of the universal Jacobian over M g constructed by Caporaso [Cap94] and later generalized by Melo [Mel09] . Following the notation of [MV14] , we will set J ac d,g := Vec 1,d,g .
The proof consists in several steps, following the strategies adopted by Kausz [Kau05] and Wang [Wan] . First, we observe that Vec r,d,g is clearly a stack for the Zariski topology. We now prove that it is a stack also for the fpqc topology (defined in [FGI + 05, Section 2.3.2]). With that in mind, we will first prove the following lemma which allows us to restrict to families of semistable curves with properly balanced vector bundles over locally noetherian schemes. Lemma 1.2.4. Let E be a properly balanced vector bundle over a family of semistable curves p : C → S. Suppose that S is affine. Then there exists
• a surjective morphism φ : S → T where T is a noetherian affine scheme, • a family of semistable curves C T → T , • a properly balanced vector bundle E T over C T → T , such that the pair (C → S, E) is the pull-back by φ of the pair (C T → T, E T ).
Proof. We can write S as a projective limit of affine noetherian k-schemes (S α ). By [?, 8.8.2 (ii)] there exists an α, a scheme C α and a morphism C α → S α such that C is the pull-back of this scheme by S → S α . By [?, 8.10.5 (xii)] and [?, 11.2.6 (ii)] we can assume that C α → S α is flat and proper. By [?, 8.5.2 (ii)] there exists a coherent sheaf E α on C α such that its pull-back on S is E. Moreover, by [?, 11.2.6 (ii)] we may assume that E α is S α -flat. Set S α =: T , C α =: C T and E α =: E T . Now the family C T → T will be a family of semistable curves. The vector bundle E is properly balanced because this condition can be checked on the geometric fibers. Proposition 1.2.5. Let S ′ → S be an fpqc morphism of schemes, set
is effective.
Proof. First we reduce to the case where S ′ and S are noetherian schemes. By [?, (8.8.2)(ii), (8.10.5)(vi), (8.10.5)(viii) (11.2.6)(ii)] there exists an fpqc morphism of noetherian affine schemes S ′ 0 → S 0 and a morphism S → S 0 , such that the diagram
we can assume that ϕ comes from a descent data
So we can assume that S and S ′ are noetherian. By the properly balanced condition, up to twisting by some power of the dualizing sheaf, we can suppose that det E ′ is relatively ample on S ′ , in particular ϕ induces a descent data for (C → S ′ , det E ′ ) and this is effective by [FGI + 05, Theorem. 4.38]. So there exists a family of curves C → S such that its pull-back via
In particular, C ′ → C is an fpqc cover and ϕ induces a descent data for 
) is representable by a quasi-compact separated S-scheme. In other words, the diagonal of Vec r,d,g is representable, quasi-compact and separated.
Proof. Using the same arguments above, we can restrict to the category of locally noetherian schemes. Suppose that S is an affine connected noetherian scheme. Consider the contravariant functor 
. Now we prove that B is quasi-projective. By construction it is enough to show that B is contained in Hilb P,L C×SC ′ /S , which parametrizes closed subschemes of C × S C ′ /S with Hilbert polynomial P respect to the
is relatively very ample on C × S C ′ /S. Using the projection π we can identify Z B and C B . The Hilbert polynomial of
It is clearly independent from the choice of the point in B and from Z B , proving the quasi-projectivity.
In particular, B is quasi-compact and separated over S. The proposition follows from the fact that the contravariant functor Putting together Proposition 1.2.5 and Proposition 1.2.6, we get Corollary 1.2.7. Vec r,d,g is a stack for the fpqc topology.
We now introduce a useful open cover of the stack Vec r,d,g . We will prove that any open subset of this cover has a presentation as quotient stack of a scheme by a suitable general linear group. In particular, Vec r,d,g admits a smooth surjective representable morphism from a locally noetherian scheme. Putting together this fact with Proposition 1.2.6, we get that Vec r,d,g is an Artin stack locally of finite type. Proposition 1.2.8. For any scheme S and any n ∈ Z, consider the subgrupoid
is relatively generated by global sections, i.e. the canonical morphism p * p * E(n) → E(n) is surjective, and the induced morphism C → Gr(p * E(n), r) is a closed embedding. Then the sheaf p * E(n) is flat on S and E(n) is cohomologically flat over S. In particular, the inclusion U n ֒→ Vec r,d,g makes U n into a fibered full subcategory.
Proof. We set F := E(n). By [Wan, Proposition 4.1.3], we know that p * F is flat on S and F is cohomologically flat over S. Consider the following cartesian diagram
cit., we have that R i p T * (F T ) = 0 for any i > 0 and that F T is relatively generated by global sections. It remains to prove that the induced T -morphism C T → Gr(p T * F T , r) is a closed embedding. This follows easily by cohomological flatness and the base change property of the Grassmannian. Proof. Let S be a scheme, (p : C → S, E) an object of Vec r,d,g (S) and n an integer. We must prove that exists an open U n ⊂ S with the universal property that T → S factorizes through U n if and only if E T is an object of U n (T ). We can assume S affine. Lemma 1.2.4 implies that the morphism S → U n factors through a noetherian affine scheme. So we can suppose that S is affine and noetherian. Let F := E(n) and U n the subset of points of S such that:
We must prove that U n is open and it satifies the universal property. As in the proof of [Wan, Lemma 4.1.5], consider the open subscheme V n ⊂ S satisfying the first two conditions above. By definition it contains U n and it satisfies the universal property that any morphism T → S factorizes through V n if and only if R i p T * F T = 0 for any i > 0 and F T is relatively generated by global sections. By [Wan, Proposition 4.1.3], F Vn is cohomologically flat over V n . This implies that the fiber over a point s of the morphism
Since the property of being a closed embedding for a morphism of proper V n -schemes is an open condition (see [Kau05, Lemma 3.13]), it follows that U n is an open subscheme and F Un ∈ U n (U n ). Viceversa, suppose now that φ : T → S is such that F T ∈ U n (T ). The morphism factors through V n and for
is a closed embedding. Since the morphism φ restricted to a point t ∈ T onto is image φ(t) is fppf, by descent the morphism
is a closed embedding, or in other words φ(t) ∈ U n . It remains to prove that {U n } is a covering. It is sufficient to prove that for any point s exists n such that E s (n) satisfies the conditions (1), (2) and (3). By Proposition 1.1.8, the push-forward of E in the stabilized family is S-flat and the cohomology groups on the fibers are the same, so for any point s in S there exists n big enough such that (1) is satisfied, and by Corollary 1.1.10 the same holds for (2) and (3).
Remark 1.2.10. As in [Wan, Remark 4.1.7] for a scheme S and a pair (p : C → S, E) ∈ U n (S), the direct image p * (E(n)) is locally free of rank d + r(2n − 1)(g − 1). By cohomological flatness, locally on S the morphism in the Grassmannian becomes C ֒→ Gr(V n , r) × S, where V n is a k-vector space of dimension P (n) := d + r(2n − 1)(g − 1).
We are now going to obtain a presentation of U n as a quotient stack. Consider the Hilbert scheme of closed subschemes on the Grassmannian Gr(V n , r)
with Hilbert polinomial Q(m) = m(d+nr(2g −2))+1−g relative to the Plucker line bundle O Gr(Vn,r) (1). Let C (n) ֒→ Gr(V n , r) × Hilb n be the universal curve. The Grassmannian is equipped with a universal quotient V n × O Gr(Vn,r) → E, where E is the universal vector bundle. If we pull-back this morphism on the product Gr(V n , r) × Hilb n and we restrict to the universal curve, we obtain a surjective morphism of vector bundles q : V n ⊗ O C (n) → E (n) . We will call E (n) (resp. q : V n ⊗ O C (n) → E (n) ) the universal vector bundle (resp. universal quotient) on C (n) . Let H n be the open subset of Hilb n consisting of points h such that:
The restriction of the universal curve and of the universal vector bundle on H n defines a morphism of stacks Θ : H n → U n . Moreover, the Hilbert scheme Hilb n is equipped with a natural action of GL(V n ) and H n is stable for this action.
Proposition 1.2.11. The morphism of stacks
Proof. We set GL := GL(V n ). First we prove that Θ is GL-invariant, i.e.
(1) the diagram
where pr 1 is the projection on H n and m is the multiplication map is commutative. Equivalently, there exists a natural transformation ρ :
In our case ρ is the identity and it is easy to see that the second condition holds. We will fix a pair (p : C → S, E) ∈ U n (S) and let f : S → U n be the associated morphism. It remains to prove that morphism f * Θ is a principal GL-bundle. More precisely, we will prove that there exists a GL-equivariant isomorphism over
For any S-scheme T , a T -valued point of H n × U n S corresponds to the following data:
Consider the pull-back of the universal quotient of
If we pull-back by ψ and compose with the isomorphism of (3), we obtain a surjective morphism
We claim that the push-forward
T is an isomorphism, or in other words it defines a T -valued point of Isom(V n ⊗ O S , p S * E(n)). As explained in Remark 1.2.10, the sheaf p T * (E(n) T ) is a vector bundle of rank P (n), so it is enough to prove the surjectivity. We can suppose that T is noetherian and by Nakayama lemma it suffices to prove the surjectivity on the fibers. On a fiber the morphism is
which is an isomorphism by the definition of H n . Conversely, let T be a scheme and V n ⊗ O T → p * (E(n)) T a T -isomorphism of vector bundles. By hypothesis, E T (n) is relatively generated by global sections and the induced morphism in the Grassmannian is a closed embedding. Putting everything together, we obtain a surjective map
and a closed embedding C T ֒→ Gr(V n , r) × T which defines a morphism T → H n . If we set ψ equal to the identity C T = C (n)T , we have a unique isomorphism of vector bundles ψ * E (n)T ∼ = E T (n). Then we have obtained a T -valued point of H n × Un S. The two constructions above are inverses of each other, concluding the proof. Proposition 1.2.12. The map Θ : H n → U n gives an isomorphism of stacks
Proof. This follows from [Wan, Lemma 2.1.1.].
From the above presentation of U n as a quotient stack, we can now prove the smoothness of Vec r,d,g and compute its dimension. This will conclude the proof of Theorem 1.2.2 except for the irreducibility of Vec r,d,g which will be proved in Lemma 1.5.2. Corollary 1.2.13. The scheme H n and the stack Vec r,d,g are smooth of dimension respectively P (n) 2 + (r 2 + 3)(g − 1) and (r 2 + 3)(g − 1).
Proof. We set Gr := Gr(V n , r). Arguing as in [Sch04, Proposition 3.1.3.], we see that for any k-point h := [C ֒→ Gr] ∈ H n the co-normal sheaf I C /I 2 C is locally free and we have an exact sequence:
Applying the functor Hom OC (−, O C ), we obtain the following exact sequence of vector spaces
is the tangent space of H n at h. We can prove that its dimension is P (n) 2 + (r 2 + 3)(g − 1) by using the sequence above as in the proof of loc. cit. This implies that H n is smooth of dimension Definition 1.3.1. Let C be a stable curve and let C 1 , . . . , C s be its irreducible components. We will say that a sheaf E is P-(semi)stable if it is torsion free of uniform rank r and for any subsheaf F we have
where s i is the rank of F at C i . A P-semistable sheaf has a Jordan-Holder filtration with P-stable factors. Two P-semistable sheaves are equivalent if they have the same Jordan-Holder factors. Two equivalence classes are said to be aut-equivalent if they differ by an automorphism of the curve.
Consider the stack T F r,d,g of torsion free sheaves of uniform rank r and Euler characteristic d+ r(1 − g) on stable curves of genus g. Pandharipande has proved in [Pan96] that exists an open substack T F ss r,d,g which admits a projective irreducible variety as good moduli space. More precisely, this variety is a coarse moduli space for the aut-equivalence classes of P-semistable sheaves over stables curves (see [Pan96, Theorem 9.1.1]). This is the reason why we prefer the "P" instead of "slope" in the definition above.
Consider the open substack Vec
,g of pairs (C, E) such that the sheaf π * E over the stabilized curve C st is P-(semi)stable. Sometimes we will simply say that the pair (C st , π * E) is P-(semi)stable. As we will see in the next proposition, the set of such pairs is bounded. Proof. By construction, it is sufficient to prove that there exists n big enough such that Vec P ss r,d,g ⊂ U n . It is enough showing that there exists n big enough such that E(n) satisfies the conditions of Proposition 1.1.9, for any k-point (C, E) in Vec P ss r,d,g . Consider the set {(C, E)} of k-points in Vec P ss r,d,g . Denote with π : C → C st the stabilization morphism. Let C be a semistable curve, let R ⊂ C be a subcurve obtained as union of some maximal chains. We set, as usual, C = R c and D := | C ∩ R|. Consider the exact sequence
Observe that the cokernel is a torsion sheaf. By construction χ((π * E)
where N is the number of nodes on C st . A stable curve of genus g can have at most 3g − 3 nodes. By [Pan96] , the set of P-semistable torsion free sheaves with χ = d + r(1 − g) on stable curves of genus g is bounded. This allows us, using the theory of relative Quot schemes, to construct a quasi-compact scheme which is the fine moduli space for the pairs (X, q : P → F ) where X is a stable curve of genus g, q is a surjective morphism of sheaves on X, P is a P-semistable torsion free and F is a sheaf with constant Hilbert polynomial less or equal than 6r(g − 1). In particular, up to twisting by a suitable power of the canonical bundle, we can assume that the sheaf I D st (π * E) is generated by global sections and that
r,d,g and any collection R of maximal chains in C exc . By Corollary 1.1.13(ii), we have
Observe that
In particular E satisfies the condition (i) of Proposition 1.1.9. Suppose that R is a maximal chain, D = {p, q} and D st = x. So, the fact that
is surjective. In other words E satisfies the condition (ii) of loc. cit. For the rest of the proof R will be the exceptional curve C exc . Set G := I D E C . Let p and q (not necessarily distinct) points on C\R = C\D. Consider the exact sequence of sheaves on C.
where, when p = q, we denote with
is zero for any k-point (C, E) in Vec P ss r,d,g then the conditions (iii) and (iv) are satisfied for any pair in Vec P ss r,d,g (k). We have already shown that the pairs (C st , π * G) are bounded. As before the sheaf G/I p,q is torsion and its Euler characteristic is 2r (not depend from the choice of p and q). Arguing as above, we can conclude that Gieseker has shown in [Gie82] that the coarse moduli space of stable curves M g can be constructed via GIT. More precisely M g ∼ = H g LH g SL(W ), where H g is the Hilbert scheme of stable curves embedded with ω 10 in P(W ) = P 10(2g−2)−g , while L Hg is a suitable SL(W )-linearized ample line bundle on H g . Let C g → H g be the universal curve. Consider the relative Quot scheme
We have a natural action of SL(V n ) × SL(W ), linearized with respect to a suitable ρ-ample line bundle L Q . With an abuse of notation, we will denote again with Q the open (and closed) subscheme of Q consisting of sheaves with Euler characteristic equal to P (n) = dim V n and uniform rank r. We set
Hg . For a ≫ 0 the GIT-quotient Q := Q La SL(W ) exists and it is the coarse moduli space for the functor which sends a scheme S to the set of isomorphism classes of pairs (C S → S, q S : V n ⊗ O CS → E) where C S → S is a family of stable curve and q S is a surjective morphism of S-flat sheaves with χ(E s ) = P (n) and uniform rank r. Moreover Q is equipped with a SL(V n )-linearized line bundle L Q . Consider now the scheme H n defined at page 13. It has a natural SL(V n )-linearized line bundle L Hilb , the semistable points for this linearized action are called Hilbert semistable points and their description is an open problem (see [TiB98] for some partial results in this direction). Let
be the universal pair on H n . Consider the stabilized curve π :
. For a ≫ 0, Schmitt has proved that the semistable points are contained in the graph (see [Sch04, Theorem 2.1.2]). Therefore, we can view such semistable points inside H n and call them H-semistable. Remark 1.3.3. An H-semistable point has the following properties (see [Sch04, Def. 2.2.10]): let, as usual, π : C → C st be the stabilization morphism and (C, E) is a pair in U n .
(i) Suppose that C is smooth. Then (C, E) is H-(semi)stable if and only if (C, E) is P -(semi)stable. In this case we will say just (C, E) is (semi)-stable. (ii) We have the following chain of implications:
(iii) Suppose that (C st , π * E) is strictly P-semistable. Then (C, E) is H-semistable if and only if for every one-parameter subgroup λ of SL(V n ) such that (C st , π * E) is strictly P-semistable with respect to λ then (C, E) is Hilbert-semistable with respect to λ.
A priori the H-semistability is a property of points in H n , i.e. [C ֒→ Gr(V n , r)]. However it is easy to see that it depends only on the curve and the restriction of universal bundle to the curve. In his construction Schmitt just requires that a vector bundle must be admissible, but not necessarily balanced. The next lemma proves that the vector bundles appearing in his construction are indeed also properly balanced.
Proof. By considerations above, we must prove that E is balanced. By Remark 1.1.15(iv), we have to prove that for any connected subcurve Z ⊂ C such that Z c is connected, we have
where F is the subsheaf of E Z of sections that vanishes on Z ∩ Z c . Observe that F is also a subsheaf of E. The hypothesis and the fact that the push-forward is left exact imply
where Z st is the reduced subcurve π(Z). It is clear that ω Z st = ω Z . We have an exact sequence of vector spaces
This implies χ(F ) ≤ χ(π * F ), concluding the proof. 
is cartesian. Furthermore, the universal curve admits a universal vector bundle, i.e. for any morphism from a scheme S to Vec r,d,g associated to a pair (C → S, E), we associate the vector bundle E on C. This allows us to define a coherent sheaf for the site lisse-étale on Vec r,d,g,1 flat over Vec r,d,g . The stabilization morphism induces a morphism of stacks
which forgets the vector bundle and sends the curve in its stabilization. We will denote with Vec r,d,g (resp. U n ) the open substack of Vec r,d,g (resp. U n ) of pairs (C, E) where C is a smooth curve. In the next sections we will often need the restriction of φ r,d to the open locus of smooth curves
The group G m is contained in a natural way in the automorphism group of any object of Vec r,d,g , as multiplication by scalars on the vector bundle. There exists a procedure for removing these automorphisms, called Over the locus of smooth curves we have the following diagram
where det (resp. det) is the determinant morphism, which send an object (C → S, E) ∈ Vec r,d,g (S) (resp. ∈ V r,d,g (S)) to (C → S, det E) ∈ J ac d,g (S) (resp. ∈ J d,g (S) 
is formally smooth and the tangent space of Def (C,E) has dimension ext
LetÔ Hn,h be the completed local ring of H n at h. Clearly, the rinĝ O Hn,h is a universal deformation ring for the deformation functor Def h of the closed embedding h. Moreover Lemma 1.5.1. The natural morphism Def h → Def (C,E) is formally smooth.
Proof. For any k-algebra R, we will set Gr(V n , r) R := Gr(V n , r) × k SpecR. We have to prove that given
(1) a surjection B → A of Artin local k-algebras, (2) a deformation h A := [C A ֒→ Gr(V n , r) A ] of h over A (3) a deformation (C B , E B ) of (C, E) over B, which is a lifting of (C A , E A ), then there exists an extension h B over B of h A which maps on (C B , E B ). Since by hypothesis H 1 (C, E(n)) = 0, we can show that the restriction map res :
) is surjective. Now h A only depends on the vector bundle E A and on the choiche of a basis for H 0 (C A , E A (n)). We can lift the basis, using the map res, to a basis B of H 0 (C B , E B (n)). The basis B induces a morphism C B → Gr(V n , r) B which is a lifting for h A .
The next lemma concludes the proof of Theorem 1.2.2. Proof. Since the morphism loc : Def C → x∈Σ Def SpecÔ C,x is formally smooth, Lemma 1.5.1 implies that the morphism Def h → x∈Σ Def SpecÔC,x is formally smooth. In particular, any semistable curve with a properly balanced vector bundle can be deformed to a smooth curve with a vector bundle. In
]).
We are now going to construct a miniversal deformation ring for Def (C,E) by taking a slice of H n . Lemma 1.5.3. Let h := [C ֒→ Gr(V n , r)] a k-point of H n and let E be the restriction to C of the universal vector bundle. Assume that Aut(C, E) is smooth and linearly reductive. Then the following hold.
(i) There exists a slice for H n . More precisely, there exists a locally closed Aut(C, E)-invariant subset U of H n , with h ∈ U , such that the natural morphism
isétale and affine and moreover the induced morphism of stacks
is affine andétale. (ii) The completed local ringÔ U,h of U at h is a miniversal deformation ring for Def (C,E) .
Proof. The part (i) follows from [Alp10, Theorem 3]. We will prove the second one following the strategy of [CMKV15, Lemma 6.4]. We will set F ⊂ Def h as the functor pro-represented byÔ U,h , G := GL(V n ) and N := Aut(C, E). Since Def h → Def (C,E) is formally smooth, it is enough to prove that the restriction to F (A) of Def h (A) → Def (C,E) (A) is surjective for any local Artin k-algebra A and bijective when A = k[ǫ]. Let g (resp. n) be the deformation functor pro-represented by the completed local ring of G (resp. N ) at the identity. There is a natural map g/n → Def h given by the derivative of the orbit map. More precisely, for a local Artin k-algebra A:
where v triv is the trivial deformation over SpecA. First of all we will construct a morphism Def h → g/n such that the derivative of the orbit map defines a section. The construction is the following: up toétale base change, the morphism U × N G → H n of part (i), admits a section locally on h. The morphism, obtained composing this section with the morphism U × N G → G/N , which sends a class [(u, g] 
] to [g], induces a morphism of Artin functors
Def h → g/h with the desired property. By construction, if A is a local Artin k-algebra then the inverse image of 0 ∈ g/n(A) is F (A). If v ∈ Def h (A) maps to some element [g] ∈ g/n(A) then g −1 v ∈ F (A). Because both v and g −1 v map to the same element of Def (C,E) , we can conclude that F (A) → Def (C,E) (A) is surjective. It remains to prove the injectivity of
) → 0 where the first map is the derivative of the orbit map. We claim that this is an exact sequence, which would prove the injectivity of
) by the definition of F . The only non obvious thing to check is the exactness in the middle. Suppose that
, then there exists an isomorphism with the trivial deformation on k[ǫ]: ϕ :
. Consider the morphism
which represents the same class h k [ǫ] . By definition of H n , the push-forward of g ǫ on k[ǫ] is an isomorphism
and it defines uniquely the class h k [ǫ] . We can choose basis for V n and H 0 (C, E(n)) such that g ǫ differs from the trivial deformation of Def h (k[ǫ]) by an invertible matrix g ≡ Id mod ǫ, which concludes the proof.
2. Preliminaries about line bundles on stacks.
2.1. Picard group and Chow groups of a stack. We will recall the definitions and some properties of the Picard group and the Chow group of an Artin stack. Some parts contains overlaps with [MV14, Section 2.9]. Let X be an Artin stack locally of finite type over k.
Definition 2.1.1. [Mum65, p.64] A line bundle L on X is the data consisting of a line bundle L(F S ) ∈ Pic(S) for every scheme S and morphism F S : S → X such that:
• For any commutative diagram
The abelian group of isomorphism classes of line bundles on X is called the Picard group of X and is denoted by Pic(X ). Definition 2.1.3. A Chow cohomology class c on X is the data consisting of an element c(F S ) in the operational Chow group A * (S) = ⊕A i (S) for every scheme S and morphism F S : S → X such that for any commutative diagram
, with the obvious compatibility requirements. The abelian group consisting of all the i-th Chow cohomology classes on X together with the operation of sum is called the i-th Chow group of X and is denoted by A i (X ).
If X is a quotient stack [X/G], where X is a scheme of finite type over k and G a group scheme of finite type over k, then A i (X ) ∼ = A The next theorem resumes some results on the Picard group of a smooth stack, which will be useful for our purposes. Let p : C → S be a family of nodal curves. Given a coherent sheaf F on C flat over S, the determinant of cohomology of F is a line bundle d p (F ) ∈ Pic(S) defined as it follows. Locally on S (by Proposition B.4), there exists a complex of vector bundles f : V 0 → V 1 such that kerf = p * (F ) and cokerf = R 1 p * (F ) and then we set
This definition does not depend on the choice of the complex V 0 → V 1 ; in particular this defines a line bundle globally on S. The proof of the next theorem can be found in [ACG11, Chap. XIII, Section 4].
Theorem 2.2.1. Let p : C → S be a family of nodal curves and let F be a coherent sheaf on C flat on S.
(ii) Given a cartesian diagram
Given two line bundles M and L over a family of nodal curves p : C → S, the Deligne pairing of M and L is a line bundle M, L p ∈ P ic(S) which can be defined as
The proof of the next theorem can be found in [ACG11, Chap. XIII, Section 5].
Theorem 2.2.2. Let p : C → S be a family of nodal curves.
(ii) Given a Cartesian diagram Let C be a stable curve and for every node x of C, consider the partial normalization C ′ at x. If C ′ is connected then we say x node of type 0, if C ′ is the union of two connected curves of genus i and g − i, with i ≤ g − i (for some i), then we say that x is a node of type i. The boundary M g /M g decomposes as union of irreducible divisors δ i for i = 0, . . . , ⌊g/2⌋, where δ i parametrizes (as stack) the stable curves with a node of type i. The generic point of δ 0 is an irreducible curve of genus g with exactly one node, the generic point of δ i for i = 1, . . . , ⌊g/2⌋ is a stable curve formed by two irreducible smooth curves of genus i and g − i meeting in exactly one point. We set δ := δ i . By Theorem 2.1.4 we can associate to any δ i a unique (up to isomorphism) line bundle O(δ i ). We set O(δ) = i O(δ i ).
The proof of the next results for g ≥ 3 can be found in [ 
Picard Groups of the fibers.
Fix now a smooth curve C with a line bundle L. Let Vec =L,C be the stack whose objects over a scheme S are the pairs (E, ϕ) where E is a vector bundle of rank r on C × S and ϕ is an isomorphism between the line bundles det E and L ⊠ O S . A morphism between two objects over S is an isomorphism of vector bundles compatible with the isomorphism of determinants. Vec =L,C is a smooth Artin stack of dimension (r 2 − 1)(g − 1). We denote with Vec (s)s =L,C the open substack of (semi)stable vector bundles. Since the set of isomorphism classes of semistable vector bundles on C is bounded, the stack Vec ss =L,C is quasi-compact. Consider the set of equivalence classes (defined as in Section 1.3) of semistable vector bundles over the curve C with determinant isomorphic to L. There exists a normal projective variety U L,C which is a coarse moduli space for this set. Observe the stack Vec =L,C is the fiber of the determinant morphism det : Vec r,d,g → J ac d,g with respect to the k-point (C, L).
Theorem 2.5.1. Let C be a smooth curve with a line bundle L. Let E be the universal vector bundle over π : Vec =L,C × C → Vec =L,C of rank r and degree d. Then:
(i) We have natural isomorphisms induced by the restriction 
2.6. Boundary divisors. The aim of this section is to study the boundary divisors of Vec r,d,g . We first introduce some divisors contained in the boundary of Vec r,d,g . Definition 2.6.1. The boundary divisors of Vec r,d,g are:
0 is the divisor whose generic point is an irreducible curve C with just one node and E is a vector bundle of degree d, • if k r,d,g |2i − 1 and 0 < i < g/2: δ j i for 0 ≤ j ≤ r is the divisor whose generic point is a curve C composed by two irreducible smooth curves C 1 and C 2 of genus i and g − i meeting in one point and E a vector bundle over C with multidegree
• if k r,d,g ∤ 2i − 1 and 0 < i < g/2: δ j i for 0 ≤ j ≤ r − 1 is the divisor whose generic point is a curve C composed by two irreducible smooth curves C 1 and C 2 of genus i and g − i meeting in one point and E a vector bundle over C with multidegree
⌋ is the divisor whose generic point is a curve C composed by two irreducible smooth curves C 1 and C 2 of genus g/2 meeting in one point and E a vector bundle over C with multidegree
If i < g/2 and k r,d,g |2i − 1 (resp. g and d + r even) we will call δ 0 i and δ r i (resp. δ 0 g 2 ) the extremal boundary divisors. We will call non-extremal boundary divisors the boundary divisors which are not extremal. By Theorem 2.1.4, we can associate to δ j i a line bundle on U n for any n, which glue to a line bundle O( δ 
if k r,d,g |2i − 1 and 0 < i < g/2, {0, . . . , r − 1} if k r,d,g ∤ 2i − 1 and 0 < i < g/2, {0, . . . , ⌊r/2⌋} if g even and i = g/2.
(ii) Let φ r,d : Vec r,d,g → M g be the forgetful map. For 0 ≤ i ≤ g/2, we have
Proof. Part (i). Observe that
. Clearly, we have a set-theoretically equality
We can easily see that δ , it is enough to show that the geometric fibers of φ are irreducible. Let C be a nodal curve with two irreducible components C 1 and C 2 , of genus i and g − i, meeting at a point x, this defines a geometric point [C] ∈ δ * i . Consider the moduli stack δ j C of vector bundles on C of multidegree
It can be shown that there exists an isomorphism of stacks δ
Observe that defining a properly balanced vector bundle on δ j C is equivalent to giving a vector bundle on C 1 of degree d 1 , a vector bundle on C 2 of degree d 2 and an isomorphism of vector spaces between the fibers at the node. Consider the moduli stack Vec r,d1,C1 parametrizing vector bundles on C 1 of degree d 1 and rank r. Let E be the universal vector bundle on Vec r,d1,C1 × C 1 . We fix an open (and dense) substack V such that E V×{x} is trivial. Analogously, let W be an open subset of the moduli stack Vec r,d2,C2 , parametrizing vector bundles on C 2 of degree d 2 and rank r, such that the universal vector bundle on Vec r,d2,C2 × C 2 is trivial along W × {x}. Via glueing procedure, we obtain a dominant morphism V × W × GL r −→ δ We have to prove that the coefficients are 1. We can reduce to prove it locally on δ. The generic element of δ is a pair (C, E) such that C is stable with exactly one node and Aut(C, E) = G m . By Lemma 1.5.3, locally at such (C, E), φ r,d looks like
We can choose local coordinates such that x 1 corresponds to smoothing the unique node of C. For such a choice of the coordinates, we have that the equation of δ i locally on C is given by (x 1 = 0) and the equation of δ j i locally on (C, E) is given by (x 1 = 0). Since φ * r,d (x 1 ) = x 1 , the theorem follows.
With an abuse of notation we set δ 2.7. Tautological line bundles. In this subsection, we will produce several line bundles on the stack Vec r,d,g and we will study their relations in the rational Picard group of Vec r,d,g . Consider the universal curve π : Vec r,d,g,1 → Vec r,d,g . The stack Vec r,d,g,1 has two natural sheaves, the dualizing sheaf ω π and the universal vector bundle E. As explained in §2.2, we can produce the following line bundles which will be called tautological line bundles:
With an abuse of notation, we will denote with the same symbols their restriction to any open substack of Vec r,d,g . By Theorems 2.2.1 and 2.2.2, we can compute the first Chern classes of the tautological line bundles:
Theorem 2.7.1. The tautological line bundles on Vec r,d,g satisfy the following relations in the rational Picard group P ic(Vec r,d,g ) ⊗ Q.
Proof. As we will see in the Lemma 3.1.5, we can reduce to proving the equalities on the quasi-compact open substack Vec 
where ch is the Chern character, Td the Todd class and Ω π is the sheaf of relative Kahler differentials. Using Theorem 2.2.1, the degree one part of the left hand side becomes
In order to compute the right hand side, we will use the fact that c 1 (Ω π ) = c 1 (ω π ) and π * (c 2 (Ω π )) = δ (see [ACG11, p. 383] . Using this, the first three terms of the inverse of the Todd class of Ω π are equal to
By the multiplicativity of the Chern character, we get
Combining (2.7.3) and (2.7.4), we can compute the degree one part of the right hand side of (2.7.1):
Combining with (2.7.2), we have:
As special case of the above relation, we get
If we replace (2.7.7) in (2.7.6), then we have
Moreover from (2.7.8) we obtain: 
Substituing in (2.7.8), we finally obtain
Remark 2.7.2. As we will see in the next section the integral Picard group of Pic(Vec r,d,g ) is torsion free for g ≥ 3.
In particular the relations of Theorem 2.7.1 hold also for Pic(Vec r,d,g ).
3. The Picard groups of Vec r,d,g and V r,d,g .
The aim of this section is to prove the Theorems A and B. We will prove them in several steps. For the rest of the paper we will assume r ≥ 2.
3.1. Independence of the boundary divisors. The aim of this subsection is to prove the following Theorem 3.1.1. Assume that g ≥ 3. We have an exact sequence of groups
where the right map is the natural restriction and the left map is the natural inclusion.
For the rest of this subsection, with the only exceptions of Proposition 3.1.2 and Lemma 3.1.11, we will always assume that g ≥ 3. We recall now a result from [TiB95] .
Proposition 3.1.2. [TiB95, Proposition 1.2]. Let C a nodal curve of genus greater than one without rational components and let E be a balanced vector bundle over C with rank r and degree d. Let C 1 , . . . , C s be its irreducible components. If E Ci is semistable for any i then E is P-semistable. Moreover if the basic inequalities are all strict and all the E Ci are semistable and at least one is stable then E is P-stable.
Remark 3.1.3. Recall that for a smooth curve of genus greater than 1 the generic vector bundle is stable. On the other hand for an elliptic curve the stable locus is not empty if and only if the degree and the rank are coprime. In this case any semistable vector bundle is stable. In general for an elliptic curve the generic vector bundle of degree d and rank r is direct sum of n r,d stable vector bundles of degree d/n r,d and rank r/n r,d ; in particular it will be semistable.
We deduce from this Lemma 3.1.4. The generic point of δ j i is a curve C with exactly one node and a properly balanced vector bundle E such that (i) if i = 0 the pull-back of E at the normalization is a stable vector bundle, (ii) if i = 1 the restriction E C1 is direct sum of stable vector bundles with same rank and degree and E C2 is a stable vector bundle. (iii) if 2 ≤ i ≤ ⌊g/2⌋ the restrictions E C1 and E C2 are stable vector bundles.
Furthermore the generic point of δ j i is a curve with exactly one node with a P-stable vector bundle if δ j i is a non-extremal divisor and a curve with exactly one node with a strictly P-semistable vector bundle if δ j i is an extremal divisor.
Proof. The case i = 0 is obvious. We fix i ∈ {1, . . . , ⌊g/2⌋} and j ∈ J i . By definition the generic point of δ j i is a curve with two irreducible components C 1 and C 2 of genus i and g − i meeting at one point and a vector bundle E with multidegree
As observed in Remark 3.1.3 the generic vector bundle over a smooth curve of genus > 1 (resp. 1) is stable (resp. direct sum of stable vector bundles). Giving a vector bundle over C is equivalent to give a vector bundle on any irreducible component and an isomorphism of vector spaces between the fibers at the nodes. With this in mind, it is easy to see that we can deform any vector bundle E in a vector bundle E ′ which is stable (resp. is a direct sum of stable vector bundles with same rank and degree) over any component of genus > 1 (resp. 1). By Proposition 3.1.2, the generic point of δ 
In other words, E C1 is a destabilizing quotient for E, concluding the proof. ) and U n (resp. U n G m ) for n big enough. The Picard group of Vec r,d,g (resp. V r,d,g ), is naturally isomorphic to the Picard group of the open substacks Vec P ss r,d,g (resp. V P ss r,d,g ) and U n (resp. U n G m ) for n big enough. Proof. We have the following equalities By Lemma 3.1.5, Theorem 3.1.1 is equivalent to proving that there exists n * ≫ 0 such that for n ≥ n * we have an exact sequence of groups
By Theorem 2.1.4, the sequence exists and it is exact in the middle and at right. It remains to prove the left exactness. The strategy that we will use is the same as the one of Arbarello-Cornalba for M g in [AC87] and the generalization for J ac r,g done by Melo-Viviani in [MV14] . More precisely, we will construct morphisms B → U n from irreducible smooth projective curves B and we compute the degree of the pull-backs of the boundary divisors of Pic(U n ) to B. We will construct liftings of the families − 2) ), in this section we can assume that 0 ≤ d < r(2g − 2).
The Family F . Consider a general pencil in the linear system H 0 (P 2 , O(2)). It defines a rational map P 2 P 1 , which is regular outside of the four base points of the pencil. Blowing the base locus we get a conic bundle φ : X → P 1 . The four exceptional divisors E 1 , E 2 , E 3 , E 4 ⊂ X are sections of φ. It can be shown that the conic bundle has 3 singular fibers consisting of rational chains of length two. Fix a smooth curve C of genus g − 3 and p 1 , p 2 , p 3 , p 4 points of C. Consider the following surface
We get a family f : Y → P 1 of stable curves of genus g. The general fiber of f is as in Figure 1 where Q is a smooth conic. Choose a vector bundle of degree d on C, pull it back to C × P 1 and call it E. Since E is trivial on {p i } × P 1 , we can glue it with the trivial vector bundle of rank r on X obtaining a vector bundle E on f : Y → P 1 of relative rank r and degree d.
Lemma 3.1.6. E is properly balanced.
Proof. E is obviously admissible because is defined over a family of stable curves. Since being properly balanced is an open condition, we can reduce to check that E is properly balanced on the three special fibers. By Remark 1.1.15, it is enough to check the basic inequality for the subcurves R 1 ∪ R 2 , R 1 and R 2 . And by the assumption 0 ≤ d < r(2g − 2) is easy to see that the inequalities holds.
We call F the family f : X → P 1 with the vector bundle E. It is a lifting of the family F defined in [AC87, p. 158]. So we can compute the degree of the pull-backs of the boundary bundles in Pic (Vec r,d,g ) to the curve F . Consider the commutative diagram
By Proposition 2.6.2, we have deg
Since F does not intersect the other boundary divisors, we have:
The Families F ′j 1 and F ′j 2 (for j ∈ J 1 ). We start with the same family of conics φ : X → P 1 and the same smooth curve C used for the family F . Let Γ be a smooth elliptic curve and take points p 1 ∈ Γ and p 2 , p 3 , p 4 ∈ C. We construct a new surface
We obtain a family g : Z → P 1 of stable curves of genus g. The general fiber is as in Figure 3 where Q is a smooth conic. The three special fibers are as in Figure 4 where R 1 and R 2 are rational smooth curves. Let j be an integer. We choose two vector bundles of degree d − j and d − 3j on C, pull them back to C × P 1 and call them G j 1 and G j 2 . We choose a vector bundle of degree j on Γ, pull it back to Γ × P 1 and call it M j . We glue the vector bundle G j 1 (resp. G j 2 ) on C × P 1 , the vector bundle M j on Γ × P 1 and the vector bundle O r X (resp. φ
2 ) on Z of relative rank r and degree d.
Lemma 3.1.7. Let j be an integer such that
and G j 2 is properly balanced if r(g − 1) ≤ d < r(2g − 2). Proof. As before we can check the condition on the special fibers. By Remark 1.1.15 we can reduce to check the inequalities for the subcurves Γ, C, R 1 and R 2 ∪ Γ. Suppose that 0 ≤ d ≤ r(g − 1) and consider G j 1 . The inequality on Γ follows by hypothesis. The inequality on C is
and this follows by these inequalities (true by hypothesis on j and d)
and this follows by the hypothesis on d. Finally the inequality on R 2 ∪ Γ is
and this follows by the following inequalities (true by hypothesis on j and d)
Suppose next that r(g − 1) ≤ d < r(2g − 2) and consider G j 2 . The inequality on Γ follows by hypothesis. On C, the inequality gives
which follows by hypothesis on j. The inequality on R 1 is
and this follows by hypothesis on j. The inequality on R 2 ∪ Γ is
and this follows by the inequalities (true by hypothesis on j) . As before we compute the degree of boundary line bundles to the curves F ′ k 1 and F ′ k 2 (in the range of degrees where they are defined) using the fact that they are liftings of the family
Indeed the first two relations follow from 
2 and j ∈ J h ). Consider smooth curves C 1 , C 2 and Γ of genus h, g − h − 1 and 1, respectively, and points x 1 ∈ C 1 , x 2 ∈ C 2 and γ ∈ Γ. Consider the surface Y 2 given by the blow-up of Γ × Γ at (γ, γ). Let p 2 : Y 2 → Γ be the map given by composing the blow-down Y 2 → Γ × Γ with the second projection, and π 1 : C 1 × Γ → Γ and π 3 : C 2 × Γ → Γ be the projections along the second factor. As in [AC87, p. 156] (and [MV14]), we set (see also Figure 5 ):
Consider the line bundles
, we obtain the Table 1 .
We construct a surface X by identifying S with A and ∆ with B. The surface X comes equipped with a projection f : X → Γ. The fibers over all the points γ ′ = γ are shown in Figure 6 , while the fiber over the point γ is shown in Figure 7 . Figure 6 . The general fiber of f : X → Γ.
Let j, k, t be integers. Consider a vector bundle on C 1 of rank r − 1 and degree j, we pull-back it on C 1 × Γ E C 1 C 2 Γ Figure 7 . The special fiber of f : X → Γ.
and call it H j . Similarly consider a vector bundle on C 2 of rank r − 1 and degree k, we pull-back it on C 2 × Γ and call it P k . Consider the following vector bundles
By Table 1 we have M j,k,t
So we can glue the vector bundles in a vector bundle M j,k,t h on the family f : X → Γ. Moreover, by Table 1 , on the special fiber we have
has relative degree d.
Lemma 3.1.8. If j, k, t satisfies:
is properly balanced.
Proof. We can reduce to check the condition just on the special fiber. By Remark 1.1.15, it is enough to check the inequalities on C 1 , C 2 and Γ; this follows easily from the numerical assumptions.
For any 1 ≤ h ≤ g−2 2 choose j(h), resp. t(h), satisfying the first, resp. third, inequality of lemma (observe that such numbers are not unique in general). For every k ∈ J h+1 we call F k h the family f : X → Γ with the properly balanced vector bundle
As before we compute the degree of the boundary line bundles to the curves F k h using the fact that they are liftings of families
Indeed, the first two relations follow by Proof of Theorem 3.1.1. We know that there exists n * such that Vec r,d,g and U n have the same Picard groups for n ≥ n * . We can suppose n * big enough such that families constructed before define curves in U n for n ≥ n * . Suppose that there exists a linear relation
where a j i are integers. Pulling back to the curve F → U n we deduce a 0 = 0. Pulling back to the curves F ′ j 1 → U n and F ′ j 2 → U n (in the range of degrees where they are defined) we deduce a j 1 = 0 for any j ∈ J 1 . Pulling back to the curve F j h → U n we deduce a j h+1 = 0 for any j ∈ J h+1 and 1 ≤ h ≤ g−2 2 . This concludes the proof. ✷
We have a similar result for the rigidified stack V r,d,g .
Corollary 3.1.9. We have an exact sequences of groups
Proof. As before the only thing to prove is the independence of the boundary line bundles in Pic(V r,d,g ). By Theorem 3.1.1 and Corollary 2.6.3, we can reduce to prove the injectivity of ν *
). A quick way to prove this it is using the Leray spectral sequence associated to the rigidification morphism ν r,d : Vec r,d,g → V r,d,g as in the §3.3.
Remark 3.1.10. As observed before we have that the boundary line bundles are independent on the Picard groups of Vec r,d,g , Vec and j ∈ J i , because it can be difficult to check when a point (C, E) is H-semistable if C is singular. But as explained in Remark 1.3.3, if (C, E) is P-stable then it is also H-stable. By Proposition 3.1.2, we know that if δ j i is a non-extremal divisor the generic point of δ j i is P-stable, in particular it is H-stable.
The end of the section is devoted to prove that also the extremal divisors are in Vec Hss r,d,g , more precisely the generic points of the extremal divisors in Vec r,d,g are strictly H-semistable. To this aim, we will use the following criterion to prove strictly H-semistability.
Lemma 3.1.11. Assume that g ≥ 2. Let (C, E) ∈ Vec r,d,g such that C has two irreducible smooth components C 1 and C 2 of genus 1 ≤ g C1 ≤ g C2 meeting at N points p 1 , . . . , p N . Suppose that E C1 is direct sum of stable vector bundles with the same rank q and same degree e such that e/q is equal to the slope of E C1 and E C2 is a stable vector bundle. If E has multidegree
then (C, E) is strictly P-semistable and strictly H-semistable.
Proof. By Proposition 3.1.2, E is P-semistable. We observe that multidegree condition is equivalent to ω C χ(E C1 ) = ω C1 χ(E), so E is strictly P-semistable. Suppose that M is a destabilizing subsheaf of E of multirank (m 1 , m 2 ). Consider the exact sequence
From this we have
By hypothesis, E C2 stable. So we have two possibilities: M 2 is 0 or E C2 (− N 1 p i ), because otherwise the inequality above is strict. Suppose that M 2 = 0. Then M = M 1 which implies that M ⊂ E C1 (− p i ) so the inequality above is strict. Thus we have just one possibility: if M is destabilizing sheaf then
In [Sch04, §2.2] there is the following criterion to check if a point is H-semistable. A point (C, E) is Hsemistable if and only if (C st , π * E) is P-semistable and for any one-parameter subgroup λ such that E is strictly P-semistable for λ then (C, E) is Hilbert-semistable for λ. Observe that, in our case, (C, E) = (C st , π * E).
Let n be a natural number big enough such that Vec P ss r,d,g ⊂ U n , set V n := H 0 (C, E(n)) and let B n := {v 1 , . . . , v dim Vn } be a basis for V n such that λ is given with respect to this basis by the weight vector
where α i are non-negative rational numbers. E is strictly P-semistable with respect to λ if and only if there exists a chain of subsheaves F 1 ⊂ . . . ⊂ F k such that
is any surjective morphism of vector bundles and Z • is the filtration induced by the one-parameter λ. Now, we fix the morphism q C and we set det 
An element of the basis r B n contained in W ρ1,...,ρ k has weight w ρ0,...,
Where γ j (n) is the weight of an element of B n inside Z j , i.e.
As in [Sch04, ] the space of minimal weights which produces sections which do not vanish on C 1 is W 1 min := W 0,q,...,q . The associated weight is
Moreover a general section of W 
On the other hand the space of minimal weights which produces sections which do not vanish on C 2 is W 2 min := W r,0,...,0 . The associated weight is The associated weight is
For any 0 ≤ ν ≤ mr − 1 and 1 ≤ i ≤ N , we must find an element of minimal weight in S m r B n which produces a section in H 0 C 2 , L n|C2 m vanishing with order ν at p i . Observe first that we can reduce to check it on the subspace
A section in S m0 O 0 ⊗ . . . ⊗ S mr O r vanishes with order at least ν = m 1 + 2m 2 + . . . + rm r at p i and we can find some with exactly that order. As explained in [Sch04, , an element of S m r B n of minimal weight, such that it produces a section of order ν at p i , lies in
where ν = mt − j and 1 ≤ j ≤ m. So the mininum among the sums of the weights of the elements in S m r B n which give us a basis of
Then a basis for
As in [Sch04, we obtain that (C, E) will be Hilbert-semistable for λ if and only if exists n * such that for n ≥ n *
as polynomial in m. A direct computation shows that P (n, m) ≤ 0 as polynomial in m. So (C, E) is Hsemistable. It remains to check that (C, E) is not H-stable. It is enough to construct a one-parameter subgroup λ such that (C, E) is strictly P-semistable respect to λ and P (n, m) ≡ 0 as polynomial in m. Fix a basis of W n := H 0 (C, E(n) C2 (− p i )) and complete to a basis B n := {v 1 , . . . , v dim Vn } of V n := H 0 (C, E(n)). We define the one-paramenter subgroup λ of SL(V n ) diagonalized by the basis B n with weight vector
).
A direct computation shows P (n, m) ≡ 0 (observe that it is the case when α 1 = 1 and α i = 0 for 2 ≤ i ≤ k−1 in the previous computation), which implies that (C, E) is stricly H-semistable.
Proposition 3.1.12. The generic point of an extremal boundary divisor is strictly P-semistable and strictly H-semistable.
Proof. Fix i ∈ {0, . . . , ⌊g/2⌋} such that δ 0 i is an extremal divisor. By Lemma 3.1.4 the generic point of the extremal boundary δ 0 i is a curve C with two irreducible smooth components C 1 and C 2 of genus i and g − i and a vector bundle E such that E C1 is a stable vector bundle (or direct sum of stable vector bundles with same slope of E C1 if i = 1) and E C2 is stable vector bundle. By Lemma 3.1.11 the generic point of δ 0 i is strictly P-semistable and stricly H-semistable. Suppose now that i = g/2 and consider the extremal boundary divisor δ r i . Take a point (C, E) ∈ δ 0 i as above. Consider the destabilizing subsheaf E C2 (−p) ⊂ E, where p is the unique node of C. Fix a basis of W n := H 0 (C, E(n) C2 (−p)) and complete to a basis V := {v 1 , . . . , v dimVn } of V n = H 0 (C, E(n)). We define the one-parameter subgroup λ of SL(V n ) given with respect to the basis V by the weight vector
We have seen in the proof of Lemma 3.1.11 that the pair (C, E) is strictly H-semistable respect to λ. In particular the limit respect to λ is strictly H-semistable. The limit will be a pair (C ′ , E ′ ) such that C ′ is a semistable model for C and E ′ a properly balanced vector bundles such that the push-forward in the stabilization is the P-semistable sheaf
Smoothing all nodal points on the rational chain R except the meeting point q between R and C 2 , we obtain a generic point (C ′′ , E ′′ ) in δ r i . It is H-semistable by the openess of the semistable locus. Let W ′′ n be a basis for H 0 (C ′′ , E ′′ (n) C1 (−q)) and complete to a basis V ′′ n of H 0 (C ′′ , E ′′ (n)). Let λ ′′ be the one parameter subgroup defined by the weight vector (with respect to the basis B)
As in the proof of Lemma 3.1.11, a direct computation shows that (C ′′ , E ′′ ) is strictly H-semistable respect to λ ′′ , then also strictly P-semistable concluding the proof.
Using this, we obtain Corollary 3.1.13. We have an exact sequences of groups For the rest of the subsection we will assume g ≥ 2. Observe that the above theorem together with Lemma 3.1.5, Theorem 3.1.1 and Corollary 3.1.13 imply Theorem A(ii). Using Remark 3.1.10 together with Proposition 3.1.12, we deduce Theorem A(iii).
,g is a smooth irreducible variety, more precisely it is a moduli space of isomorphism classes of line bundle of degree d over a curve C satisfying the condition above.
Lemma 3.2.2. There are isomorphisms
) induced by the restriction maps.
Proof. We will prove the lemma for J 
where the bottom row is an atlas for J ac o d,g . We can reduce to control the isomorphism locally on V H → H. Suppose that the following conditions hold (i) H is an integral scheme, (ii) the stack V H has a good moduli scheme U H , (iii) U H is proper over H with geometrically irreducible fibers.
Then, by Seesaw Principle (see Corollary B.10), we have the assertion. So it is enough to find an atlas H such that the conditions (i), (ii) and (iii) are satisfied. We fix some notations: since the stack Vec 
y y r r r r r r r r
y y r r r r r r r r r r 
is locally constant for any n, then constant because H is connected. Therefore, the condition χ n = χ m for any n, m ∈ Z is either always satisfied or never satisfied, which concludes the proof. 
induces an exact sequence in low degrees
We observe that ν r,d * G m = G m and that the sheaf
Via standard coycle computation we see that exact sequence becomes
where res is the restriction on the fibers (it coincides with the weight map defined in [Hof07, Def. 4.1]), obs is the map which sends the identity to the
Lemma 3.3.1. We have that:
Proof. Using the functoriality of the determinant of cohomology, we get that the fiber of Λ(1, 0, 0
Since G m acts trivially on H 0 (C, ω C ) and on H 1 (C, ω C ), we get that res(Λ(1, 0, 0)) = 0. Similarly, the fiber of Λ(0, 0, 1) over a point (C, E) is canonically isomorphic to det H 0 (C, E)⊗det −1 H 1 (C, E). Since G m acts with weight one on the vector spaces H 0 (C, E) and H 1 (C, E), Riemann-Roch gives that
The fiber of Λ(0, 1, 0) over a point (C, E) is canonically isomorphic to det H 0 (C, det E) ⊗ det −1 H 1 (C, det E). Now G m acts with weight r on the vector spaces H 0 (C, det E) and H 1 (C, det E), so that Riemann-Roch gives
Finally, the fiber of Λ(1, 1, 0) over a point (C, E) is canonically isomorphic to det
Since G m acts with weight r on the vector spaces H 0 (C, ω C ⊗det E) and H 1 (C, ω C ⊗ det E), Riemann-Roch gives that
Combining the Lemma above with Theorem A(i) and the exact sequence (3.3.2), we obtain Corollary 3.3.2.
(i) The image of Pic (Vec r,d,g ) via the morphism res of (3.3.2) is the subgroup of Z generated by
(ii) The Picard group of V r,d,g is (freely) generated by the line bundles Λ(1, 0, 0), Ξ and Θ (when g ≥ 3). 
Theorem A.2. Suppose that r ≥ 2. Unfortunately, at the moment we can not say if the Theorems A and B hold also for the other open substacks in the assertions.
Remark A.3. Observe that, using Proposition 3.1.2, we can prove that Lemma 3.1.5 holds also in genus two case. In particular, by Theorem 2.1.4, we have that Pic(Vec r,d,2 ) ∼ = Pic(Vec P ss r,d,2 ) ∼ = Pic(U n ) and Pic(Vec r,d,2 ) ∼ = Pic(Vec ss r,d,2 ) ∼ = Pic(U n ) for n big enough. We have analogous isomorphisms for the rigidified moduli stacks.
Proof of TheoremA.1(i) and A.2(i). By the precedent observation, it is enough to prove the theorems for the semistable locus. Let (C, L) be a k-point of J ac d,2 . We recall that Theorem 3.2.1 says that the complex of groups 0 −→ Pic(J ac d,2 ) −→ Pic(Vec where the integers (e 0 − t), (e j 1 − 2t) cannot be all equal to 0, because we have assumed that the two relations are independent. In other words the existence of two independent relations is equivalent to show that does not exist any relation among the boundary line bundles. We will show this arguing as in §3.1. Observe that, arguing in the same way, we can arrive at same conclusions for the rigidified moduli stack V r,d,2 .
The Family G. is properly balanced of relative degree d. We call G (resp. G) the family of curves ϕ : Y → P 1 (resp. the family ϕ with the vector bundle E). We claim that The second result comes from the fact that all fibers of ϕ are irreducible. We recall that, as §3.1: deg G O( δ 0 ) = deg G O(δ 0 ). So our problem is reduced to check the degree on M 2 . Observe also that Y is smooth and the generic fiber of ϕ is a smooth curve. Since any fiber of ϕ : Y → P −1 can have at most one node and the total space Y is smooth, by [AC87, Lemma 1], deg G O( δ 0 ) is equal to the number of singular fibers of ϕ. We can count them using the morphism ϕ D : D → P 1 , induced by the pencil restricted to the sextic D. By the generality of the pencil, we can assume that over any point of P 1 there is at most one ramification point and that its ramification index at this point is 2. So deg G O( δ 0 ) is equal to the degree of the ramification divisor in D. Using the Riemann-Hurwitz formula for the degree six morphism ϕ D we obtain the first equality.
The Families G j 1 . Consider a general pencil of cubics in P 2 . Blowing up the nine base points of the pencil, we obtain a family of irreducible stable elliptic curves φ : X → P 1 . The nine exceptional divisors E 1 , . . . , E 9 ⊂ X are sections of φ trough the smooth locus of φ. The family will have twelve singular fibers consisting of irreducible nodal elliptic curves. Fix a smooth elliptic curve Γ and a point γ ∈ Γ. We construct a surface Y by setting
We get a family f : X → P 1 of stable curves of genus two. The general fiber is as in Figure 8 where C is a smooth elliptic curve. While the twelve special fibers are as in Figure 9 where C is a nodal irreducible elliptic curve. Choose a vector bundle M j of degree d−r 2 + j on Γ, pull it back to Γ × P 1 and call it again M j . Since M j is trivial on {γ} × P 1 , we can glue it with the vector bundle
on X obtaining a vector bundle E j on f : X → P 1 of relative rank r and degree d. The next lemma follows easily C Γ Figure 8 . The general fiber of f : X → P 1 .
C Γ Figure 9 . The special fibers of f : X → P 1 .
Lemma A.4. The vector bundle E j is a properly balanced for j ∈ J 1 = {0, . . . , ⌊r/2⌋}.
We call G 1 (resp. G j 1 ) the family of curves f : X → P 1 (resp. the family f with the vector bundle E j ). Moreover G We will prove that the classical results of base change cohomology for proper schemes continue to hold again (not necessarily proper) stacks, which admit a proper scheme as good moduli space (in the sense of Alper). The propositions and proofs are essentially equal to ones in [Bro12, Appendix A], but we rewrite them, because our hypothesis are weaker. In this section, X will be an Artin stack of finite type over a scheme S, and a sheaf F will be a sheaf for the site lisse-étale defined in [LMB00, Sec. 12] (see also [Bro, Appendix A] ). Recall first the definition of good moduli space.
Definition B.1. [Alp13, def 4.1] Let S be a scheme, X be an Artin Stack over S and X an algebraic space over S . We call an S-morphism π : X → X a good moduli space if
• π is quasi-compact, • π * is exact, • The structural morphism O X → π * O X is an isomorphism.
Remark B.2. Let X be a quotient stack of a quasi-compact k-scheme X by a smooth affine linearly reductive group scheme G. Suppose that L is a G-linearization on X. By[Alp13, Theorem 13.6 and Remark 13.7], the GIT good quotient X (i) Let A be a ring and let C • be a complex of A-modules such that C p = 0 only if 0 ≤ p ≤ n. Then there exists a complex K
• of A-modules such that K p = 0 only if 0 ≤ p ≤ n and K p is free if 1 ≤ p ≤ n, and a quasi-isomorphism of complexes K
• → C • . Moreover, if the C p are flat, then K 0 will be A-flat too. (ii) If A is noetherian and if the H i (C • ) are finitely generated A-modules, then the K p 's can be chosen to be finitely generated.
Proposition B.4. Let X be a quasi-compact Artin stack over an affine scheme (resp. noetherian affine scheme) S = Spec(A). Let π : X → X be a good moduli space with X separated (resp. proper) scheme over S. Let F be a quasi-coherent (resp. coherent) sheaf on X that is flat over S. Then there is a complex of flat A-modules (resp. of finite type)
with M i free over A for 1 ≤ i ≤ n, and isomorphisms
(ii) The function S → Z defined by s → χ(F s ) is locally constant.
Corollary B.7. Let X → X be a good moduli space over an integral scheme S, X proper scheme over S and F coherent sheaf over X flat over S. The following conditions are equivalent (i) s → dim k(s) H i (X s , F s ) is a constant function, (ii) R i q * (F ) is locally free sheaf on S and for any s ∈ S the map
is an isomorphism. If these conditions are satisfied, then we have an isomorphism
Corollary B.8. Let X → X be a good moduli space over a scheme S, X proper scheme over S and F coherent sheaf over X flat over S. Assume for some i that H i (X s , F y ) = (0) for any s ∈ S. Then the natural map
is an isomorphism for any s ∈ S.
Corollary B.9. Let X → X be a good moduli space over a scheme S, X proper scheme and F coherent sheaf over X flat over S. If R i q * (F ) = (0) for i ≥ i 0 then H i (X s , F s ) = (0) for any s ∈ S and i ≥ i 0 .
Corollary B.10. [The SeeSaw Principle]. Let X → X be a good moduli space over an integral scheme S and L be a line bundle on X . Suppose that q : X → S is flat and that X → S is proper with integral geometric fibers. Then the locus
is closed in S. Moreover if we call q 1 : X × S S 1 → S 1 the restriction of q on this locus, then q 1 * L is a line bundle on S and the natural morphism q * 1 q 1 * L ∼ = L is an isomorphism. Proof. A line bundle M on a stack X with a proper integral good moduli space X is trival if and only if h 0 (M) > 0 and h 0 (M −1 ) > 0. The necessity is obvious. Conversely suppose that these conditions hold. Then we have two non-zero homomorphisms s : O X → M, t : O X → M −1 . If we dualize the second one and compose with the first one, we have a non-zero morphism h : O X → O X . Now X is an integral proper scheme then H 0 (X, O X ) = k so H 0 (X , O X ) = k. Hence h is an isomorphism. This implies that also s and t are isomorphisms. As a consequence, we have
s ) > 0}. In particular, S 1 is closed by upper semicontinuity. Up to restriction we can assume S = S 1 , so the function s → h 0 (X s , L s ) = 1 is constant. By Corollary B.7, q * L is a line bundle on S and the natural map q * L ⊗ OS k(s) → H 0 (X s , L s ) is an isomorphism. Consider the natural map π : q * q * L → L. Its restriction on any fiber
is an isomorphism. In particular π is an isomorphism for any geometric point x ∈ X . Since it is a map between line bundles, by Nakayama lemma, it is an isomorphism.
